Contemporary niche theory is a powerful framework for understanding how organisms interact with each other and with their shared environment. The graphical representation of the theory, as popularized by Tilman, facilitates the analysis of the equilibrium structure of complex dynamical models including species coexistence. This approach has so far been applied primarily to situations of resource competition, in accord with the general focus of work on ecological interactions since the 1970's. In this manuscript, we expand contemporary niche theory to integrate mutualistic interactions through a systematic analysis of mutualistic plant-pollinator networks.
Introduction
Mutualistic interactions pervade every type of ecosystem and level of organization on Earth (Boucher et al. 1982; Bronstein 2015) . For example, mutualisms such as pollination (Ollerton et al. 2011 ), seed dispersal (Wang and Smith 2002) , coral symbioses (Rowan 2004) , and nitrogen-fixing associations between plants and legumes, bacteria, or fungi (Horton and Bruns 2001; van der Heijden et al. 2008) sustain the productivity and biodiversity of most ecosystems on the planet.
Moreover, plant-pollinator mutualisms sustain human food security (Potts et al. 2016; Ollerton 2017) with one third of crop production relying on animal pollination. Despite their pervasiveness and critical role in ecological systems, ecological theory on mutualisms has been scarce and less integrated than for predation and competition (Vandermeer and Boucher 1978; Bascompte and Jordano 2014; Bronstein 2015) . This scarce theoretical development is of particular concern because several mutualisms such as coral-algae and plant-pollinator that play a critical role in the functioning of ecosystems are currently under threat (Brown 1997; Rowan 2004; Goulson et al. 2015; Ollerton 2017) . Thus, the absence of an integrated body of theory on the ecology of mutualism hinders our ability to protect, manage, and restore mutualistic systems. In particular, Niche Theory (MacArthur 1969 (MacArthur , 1970 Tilman 1982; Leibold 1995; Chase and Leibold 2003) for mutualisms has only recently started to be developed (Peay 2016; Johnson and Bronstein 2019) . Chase and Leibold (2003) suggest that their graphical approach can be expanded to mutualism, but such suggestions have yet to be fully explored. Here, we contribute to the development of ecological theory on mutualism by expanding Contemporary Niche Theory to mutualistic networks of plant-pollinator interactions. More specifically, we expand the graphical approach popularized by Tilman (1982) by applying it to a consumer-resource dynamic model of plant-pollinator networks developed and tested by Valdovinos et al. (2013 Valdovinos et al. ( , 2016 Valdovinos et al. ( , 2018 .
For about 70 years, theoretical research analyzing the population dynamics of mutualisms roughly only assumed Lotka-Volterra type models (sensu Valdovinos 2019) to conduct their studies (Kostitzin 1934; Gause and Witt 1935; Vandermeer and Boucher 1978; Wolin and Lawlor 1984;  sent mutualistic relationships as net positive effects between species using a (linear or saturating) positive term in the growth equation of each mutualist that depends on the population size of its mutualistic partner. While this research increased our understanding of the effects of facultative, obligate, linear, and saturating mutualisms on the long-term stability of mutualistic systems, more sophisticated understanding of their dynamics (e.g., transients) and of phenomena beyond the simplistic assumptions of the Lotka-Volterra type models was extremely scarce. This lack of more sophisticated and mechanistic understanding of the dynamics of mutualistic interactions hindered conceptual (Bronstein 2015) and theoretical (Boucher 1985) progress on mutualistic interactions. In particular, key processes ignored by phenomenologically assuming positive net effects between mutualists are feeding and reproductive mechanisms that determine how direct interactions between mutualistic partners vary through time and across population densities or total abundances of the interacting species (Abrams 1987; Holland and DeAngelis 2010; Valdovinos et al. 2013) .
A more mechanistic alternative to the Lotka-Volterra type models is the consumer-resource approach to mutualisms that was first proposed by Holland and colleagues (Holland et al. 2005;  Holland and DeAngelis 2010) and further developed by Valdovinos et al. (2013 Valdovinos et al. ( , 2016 Valdovinos et al. ( , 2018 . This approach decomposes the net effects assumed always positive by Lotka-Volterra type models ( Fig. 1A) into the biological mechanisms producing those effects (i.e., the gathering of resources and exchange of services). The key advance of Valdovinos et al.' s model is separating the dynamics of the plants' vegetative biomass from the dynamics of the plants' floral rewards (e.g., nectar, Fig. 1B ). This separation allows: i) tracking the depletion of floral rewards by pollinator consumption, ii) evaluating exploitative competition among pollinator species consuming the floral rewards provided by the same plant species, and iii) incorporating the capability of pollinators (adaptive foraging) to behaviorally increase their foraging effort on the plant species in their diet with more floral rewards available. Another advance of this model is incorporating the dilution of conspecific pollen carried by pollinators, which allows tracking competition among plant species for the quality of pollinator visits. That is, this model assumes that pollinators visiting many different plant species carry more diluted pollen (low quality visits) than the pollen carried by pollinators visiting only one plant species (high quality visits). The incorporation of these biological mechanisms into a dynamic model of plant-pollinator networks enhances our understanding and predictive ability of the dynamics of species-rich mutualistic systems. For example, this model predicts that in networks with empirically observed structures (nested and moderately connected), pollinators with adaptive foraging will prefer on a per-capita basis plant species that interact with fewer pollinator species (i.e., specialist plants). Valdovinos et al. (2016) successfully tested this prediction with the distribution of per-capita foraging preferences of bumblebee species for their mutualistic plants in a montane ecosystem in Colorado. Moreover, the mechanisms incorporated in this model have provided insights into the process of species invasions, showing how species traits and network structure can predict the invasion success of alien pollinators and their impact on native species in computer-simulated plant-pollinator networks (Valdovinos et al. 2018) .
In this contribution, we expand the graphical approach of the Contemporary Niche Theory (Chase and Leibold 2003) to analyze the dynamics of plant-pollinator networks when all the above-mentioned biological mechanisms are considered. More specifically, the present workfor the first time -analytically proves the results found with extensive numerical simulations (Valdovinos et al. 2013 (Valdovinos et al. , 2016 (Valdovinos et al. , 2018 , and generalizes some of them beyond the original simulation conditions. By "analytically proving" we refer to finding those results using a graphical approach whose geometry rigorously reflects mathematical analysis (Tilman 1982; Koffel et al. 2016 ) that can also be found in our Appendices. By developing and analyzing this graphical approach, we also expand Niche Theory to incorporate plant-pollinator networks, nestedness, adaptive foraging, quality of visits, and species invasions.
We start by describing Valdovinos et al.'s model and presenting our graphical approach to the dynamics of plant-pollinator mutualisms, which we present as our methods. Our first result is demonstrating that by modeling pollinators as obligate mutualists of plants (i.e., they depend on floral rewards to survive) in a two trophic level system (i.e., plant and pollinator species without predators), the growth rate of pollinators is fully determined by the reward abundances and, therefore, the studied model falls within the niche theory framework and is subject to competitive exclusion. This means that at most the same number of pollinator as plant species can coexist at equilibrium regardless of the details of the dynamics. The first subsection of our results extensively explores and demonstrates the different conditions for coexistence among pollinator species motivated by the fact that empirical plant-pollinator networks typically exhibit twice to four times more pollinator than plant species (Vázquez et al. 2009 ). The second subsection of our results demonstrates the conditions for plant coexistence based on the relation between the strength of intra-and inter-specific competition among plants. This separate set of results reflects the biggest difference in population dynamics between pollinator and plant species in Valdovinos et al.' s model, that is, pollinator dynamics fully depend on floral rewards while plant dynamics also depend on other factors (space, light, nutrients) that are encapsulated within the model by a generic competition function composed of intra-and inter-specific competition coefficients that affect the recruitment rate of plants and are independent of the mutualistic interaction with pollinators (see Methods). The third subsection of our results demonstrates the effects on network dynamics of nestedness, that is, the tendency of generalists (species with many interactions) to interact with both generalists and specialists (species with one or a few interactions) and of specialists to only interact with generalists ( Fig. 1c,d ). This subsection analytically proves the results found by previous numerical simulations in nested networks without adaptive foraging (Valdovinos et al. 2013 (Valdovinos et al. , 2016 , that is, specialist species tend to go extinct due to high niche overlap among pollinators for floral rewards (Fig. 1c ) and high niche overlap among plants for pollination services (Fig. 1d ). The fourth subsection of our results demonstrates analytically the effects of adaptive foraging on network dynamics also found by previous numerical simulations (Valdovinos et al. 2013 (Valdovinos et al. , 2016 . These results consisted of adaptive foraging promoting species coexistence by allowing generalist pollinator species to focus their foraging efforts on specialist plant species (Fig. 2b ) which releases floral rewards of generalist plants that can then be consumed by specialist pollinators (compare red bars of Fig. 2a with 2b) , and increases the visit quality for specialist plants. The fifth and final subsection of our results demonstrates the impacts of pollinator invasions on native pollinators found by previous numerical simulations (Valdovinos et al. 2018) .
Overall, our work helps to integrate mutualistic interactions into Niche Theory, building off Peay (2016) who eloquently stated, "The niche is a central concept in ecology, and better integration of mutualism will more accurately reflect the positive interactions experienced by nearly all species."
Methods

Dynamical model of plant-pollinator interactions
The model of Valdovinos et al. (2013) separates the dynamics of the plants' vegetative biomass from the dynamics of the plants' rewards for each plant population (Fig. 1b ). This separation allows tracking the depletion of rewards by animal consumption (indicated by 'Rewards consumption' in Fig. 1b ) separately from the animal contribution to plants' population via pollination services (indicated by 'Pollination' in Fig. 1b ). The vegetative growth and the floral-rewards dynamics of each plant population i are modeled separately as:
where V ij = α ij τ ij a j p i defines the frequency of visits by animal species j to plant species i, which increases the population growth of plant i (Eq. 1., 'Pollination' in and the population densities of animal j (a j ) and plant i (p i ). The sums are taken over the set A i of pollinator species that are capable of visiting plant i.
In Eq. (1), only a fraction σ ij = α ij τ ij p i ∑ k∈P j α kj τ kj p k of j's visits successfully pollinate plant i, which accounts for dilution of plant i's pollen when j visits other plant species (indicated by the red arrow in Fig. 1B) . A fraction e ij of those pollination events produce seeds. Among those seeds, a fraction γ i = g i (1 − ∑ l =i∈P u l p l − w i p i ) recruit to adults, where g i is the maximum fraction of i-recruits subjected to both inter-specific (u l ) and intra-specific (w i ) competition.
The population dynamics of animal j are defined as:
where c ij represents the per-capita efficiency of j converting plant i's floral resources into j's births. f ij = b ij R i p i is the quantity of nectar extracted per visit, where b ij represents the efficiency of j extracting plant i's floral resources (R i , Eq. 2). The sum is taken over the set of plant species P j that can be visited by pollinator j. The visit frequency V ij and the quantity of nectar extracted can also both be modeled by a saturating function following Holling's Type II functional response (Holling 1959) , as discussed in Appendix A.
Another key advance of this model accounts for the widely observed adaptive foraging of pollinators ( Fig. 1B ) by modeling the adaptation of animal j's foraging preference on i as:
with ∑ k∈P j α kj = 1. The preference α ij increases when the rewards that could be extracted from plant species i by application of full foraging effort to that plant (α ij = 1) exceed the rewards currently obtained from all plants in j's diet (follow thicker pollinator's arrow in Fig. 1B ). The preference decreases in the opposite case, where the rewards obtainable by exclusive foraging on plant i are lower than the current rewards uptake level. When adaptive foraging is not considered, foraging efforts of pollinator species j are fixed to
where P j here represents the number of plant species visited by pollinator species j.
Niche theory for plant-pollinator dynamics
The concept of a "niche" has long been central to ecological theory. Over the past fifty years, this concept has been significantly clarified and refined, beginning with the pioneering work of Levins, MacArthur and Tilman, and more recently consolidated by Chase and Leibold (MacArthur 1969, 1970; Tilman 1982; Leibold 1995; Chase and Leibold 2003) . This framework highlights two distinct aspects of an organism's niche: its requirements for survival and its impact on the environment (Leibold 1995) . The state of the environment is mathematically represented by a vector in an abstract space, whose components correspond to concentrations of resources, populations of predators, stress intensity, or any other factors that affect an organism's growth rate (Levin 1970 ). Here, we analyze the niche of plant and pollinator species within their mutualistic interactions, assuming all their other niche variables (e.g., soil nutrients, water, temperature, nesting sites) constant and sufficient for supporting their populations. In either space, the "requirement niche" of each animal species j (j = 1, 2 . . . A) can be encoded by a zero-net-growth isocline (ZNGI) (Tilman 1982; Leibold 1995) . The ZNGI is a hypersurface that separates the environmental states where the growth rate g j is positive from the states where it is negative. Environmental states along the ZNGI support reproduction rates that exactly balance mortality rates, leading to constant population sizes. The ZNGI thus represents one boundary of Hutchinson's "fundamental niche," which is the hypervolume of environmental The "supply point" is now located at the origin, and the pollinator impacts are necessary to sustain nonzero plant abundance. The location of the ZNGIs depends on the current nutritional value of each plant species, which is lower for species whose floral rewards are more depleted.
The impact vectors depend on the visit quality and the per-capita visit frequency of each pollinator species (σ ij and V ij /a j of Eq. 1, respectively), and encode each pollinator's contribution to the total number of seedlings in the next generation.
Rewards Space
Niche concept Description Mathematical expression
"Supply Point" Plant mortality 0 conditions in which the species can survive indefinitely (Hutchinson 1957; Leibold 1995; Chase and Leibold 2003) . Adaptive foraging allows the ZNGIs in rewards space to dynamically rotate in the direction of the most abundant rewards. In plant space, the ZNGIs are dynamic even in the absence of adaptive foraging, because the contribution each plant makes to the growth rate depends on the current reward level R i .
The "impact niche" is represented by an impact vector, which specifies the magnitude and direction of the environmental change induced by a single individual of the species (Tilman 1982; Leibold 1995) . The impact vector thus encodes the "role" of an organism in the community, and roughly corresponds to Elton's niche concept (Elton 1927; Leibold 1995) . In plant space, the mutualism is directly visible in the impact vector, which represents the number of successful pollination events caused by each pollinator, and points in the direction of larger plant population sizes. In rewards space, however, the impact of a pollinator species is simply the rate at which it depletes the floral rewards, just as in an ordinary model of resource competition. But the angle of the impact vector takes on a new importance, because it affects the visit quality σ ij . If the impact vector is nearly perpendicular to a given rewards axis, this means that only a small fraction of its visits are allocated to the corresponding plant, and so most of the pollen carried by this pollinator belongs to other plant species. If all of the visits received by this plant species have such low quality, the plant may eventually go extinct, as we will see below.
The environment also has its own intrinsic dynamics, represented by a supply vector (Tilman 1982; Chase and Leibold 2003) . In plant space, there is no "supply" apart from the seed production mediated by the pollinators, with the result that the "supply vector" is directed towards the origin. In rewards space, the supply vector points towards the supply point where the rewards reach equilibrium in the absence of pollinators, as it would in an ordinary niche theory model.
But the supply point itself is determined by the plant populations, which depend on pollination activity for their long-term survival. Extinction of a plant species (e.g., due to low visit quality) causes the supply point to drop to zero along the corresponding rewards axis, leading to a cascade of ecological reorganization.
These three quantities (ZNGIs, impact vectors, and supply point) define the conditions for stable coexistence, which can be represented graphically in the case of two plant species P = 2, as illustrated in Fig. 3 . From the definition of the ZNGI, it follows that nonzero animal populations can only be in equilibrium when all the corresponding ZNGIs pass through the current environmental state. But for the environment to remain in this state, the combined impact of the pollinators must exactly cancel the supply. This total impact is found by multiplying each impact vector by the corresponding population density, and then summing the results. Whenever the supply point lies within the cone formed by extending all the impact vectors backwards, as shown in Fig. 3 , a set of population densities can be found with a total impact equal and opposite to the supply. Each potentially stable consortium of coexisting species is thus represented by an intersection of ZNGIs, and coexistence is achieved whenever the supply point falls within the corresponding coexistence cone. The relative population sizes required can be roughly estimated from the position of the supply point within the cone. If one of the impact vectors points almost directly away from the supply point, then only a small contribution will be required from the other pollinator species to achieve perfect cancellation of the supply.
Results
We use the graphical approach presented above to expand, qualitatively understand, and analytically prove the previously reported results of large-scale numerical experiments with this model (Valdovinos et al. 2013 (Valdovinos et al. , 2016 (Valdovinos et al. , 2018 . In particular, we present: i) Conditions for coexistence among pollinator species, ii) conditions for coexistence among plant species, iii) effects of nestedness on network dynamics without adaptive foraging, iv) effects of adaptive foraging on network dynamics, and v) impacts of pollinator invasions on native species. We will use twodimensional illustrations similar to Fig. 3 , since higher dimensions cannot be easily visualized, but the qualitative results of interest hold for arbitrary P.
Conditions for coexistence among pollinator species
As noted above, the definition of the ZNGI implies that multiple species can potentially coexist at equilibrium only if their ZNGIs simultaneously intersect. If the ZNGIs fail to cross, the species cannot coexist, regardless of the details of the dynamics. For each pollinator species j, we can find the ZNGI in rewards space by setting da j /dt = 0 in Eq. (3) for fixed reward abundances R i . From the resulting formula, given in Table 1 , and the fact that ∑ i∈P j α ij = 1, it follows that the ZNGIs for all possible foraging strategies α ij of pollinator species j intersect at the point in rewards space defined by
This is Tilman's "R * " (Tilman 1982 ) for specialists on plant species i, that is, the minimal resource level that supports growth of the pollinator species. Whenever the reward abundances for all plant species are simultaneously found at this minimal level, all the species have equivalent value for pollinator species j, and the pollinator growth rate equals zero for any choice of foraging strategy.
Previous numerical simulations (Valdovinos et al. 2013 (Valdovinos et al. , 2016 (Valdovinos et al. , 2018 gave all species very sim-ilar values for resource conversion (c ij ), foraging (τ ij ) and ingestion (b ij ) efficiencies, as well as for the mortality rate (µ A j ) , so that the only differences between species were those resulting from the structure of the interaction network (i.e., the set of plants P j that are included in the sum in Eq. 3). Typically, the interaction network constitutes the primary source of empirical data about a given plant-pollinator system, and so focusing the simulations on the effect of network structure is a reasonable choice. An important consequence of this assumption is that the above discussion of ZNGI's for different possible foraging strategies of a single pollinator species also applies across species. In particular, when these parameters are perfectly species-independent, then the R * i are also the same for all species in the community, as illustrated in Fig. 4(a) , opening up the possibility of universal coexistence, regardless of the number of plant species.
Despite the lack of empirical data to estimate the parameters of the different pollinator species mentioned above, there is empirical evidence suggesting that the net reward uptake efficiency But even a small difference in R * i between species can prevent ZNGIs from intersecting, which rules out stable coexistence. In fact, the graphical perspective shows conclusively that this model is subject to the Competitive Exclusion Principle (CEP), which states that the maximum number of coexisting consumers at equilibrium cannot exceed the number of distinct resource typeshere, the number of plant species P. In Fig. 4 (a), with P = 2, it is easy to see that no more than two ZNGIs can intersect at the same point without infinitely precise fine-tuning. When P = 3, the ZNGIs become planes, and at most three of them can intersect simultaneously. This pattern extends to arbitrarily high dimension, as can be proven mathematically (Levin 1970; McGehee and Armstrong 1977) . In fact, for any P, the ZNGI has dimension P − 1, and the CEP is simply the statement that at most P surfaces of dimension P − 1 can intersect in an P-dimensional space.
Empirical plant-pollinator networks, however, frequently exceed this bound with about 2-4 times more pollinator than plant species (Vázquez et al. 2009 ). A large body of literature (e.g., Hutchinson 1961; Richerson et al. 1970; Levin 1974; Levins 1979; Turner et al. 1996; Huisman and Weissing 1999; Kerr et al. 2002; Czárán et al. 2002; Kelsic et al. 2015; Xue and Goldenfeld 2017; Posfai et al. 2017) has found a variety of mechanisms for CEP violation, which increase diversity above this limit by either preventing the system from reaching equilibrium, or modifying the model in ways that render the ZNGI-based analysis inadequate. These reasons can also apply to both plants and animals within plant-pollinator networks. Here, we focus on a few of those mechanisms that are more directly applicable to the studied model: modifying the ZNGI's with direct self-limitation or predation, and avoiding equilibrium with long-lived transient dynamics.
Modifying ZNGI with direct self-limitation or predation
The simplest way to avoid competitive exclusion is to add a direct self-limitation term to the pollinator dynamics (e.g., in the denominator of the functional response with ω jj > 0 in Eq. A3
of Appendix A). An arbitrary number of species can coexist if each species is capable of detecting its own density, and of reducing its growth rate before resources are depleted to the minimum viable level (cf. Chesson 2000) . Geometrically, direct self-limitation makes the ZNGIs depend on the pollinator abundances, generating a feedback mechanism that (under suitable environmental conditions) adjusts the ZNGIs until they exactly intersect.
Another way of allowing for more coexistence in the model is to incorporate other environmental factors in the growth rate of pollinators. One such factor is population loss due to predation. Each predator species adds another axis to the environmental space in which the ZNGIs are defined, and makes the coexistence of an additional species geometrically possible (Levin 1970; McGehee and Armstrong 1977; Leibold 1998) . If one still focuses on the P-dimensional rewards subspace, it will appear that the ZNGIs are perfectly fine-tuned in such a way as to allow more than P of them to simultaneously intersect. The shape of the region of plant space where equilibrium can be achieved depends on the relative strengths of intra-vs. inter-specific competition. This region is shaded in progressively darker shades of gray for increasing levels of uniform interspecific competition u i = u and fixed intra-specific competition w i = w. In the limit of small mortality (compared with low-density rate of seedling generation), the stable equilibrium state is near the outer corner of the box, as indicated by the black dots and shown in Appendix B.
When the strength of inter-specifc and intra-specific competition become equal, however (u = w, see expression of the recruitment function γ i in the main text), this corner vanishes, as does the state of stable coexistence. In the numerical experiments, the u l were set to small values, corresponding to the lightest shaded region in the diagram.
Nonequilibrium properties and long-lived transients
Above, we noted that unlimited coexistence is possible with a finite set of plant species when the rewards uptake efficiency scales perfectly with pollinator mortality rates, giving all pollinator species the same set of minimal viable reward abundances R * i . If this scaling is not perfect, the timescale for enforcement of competitive exclusion can be easily estimated in terms of the generation time of the species of interest, using the relative deviations of the parameters from the scaling law. To see this, we first note that for any value of c ij τ ij b ij , there is a mortality rate µ A0 j that exactly follows the scaling law, and would lead to stable coexistence. If species j is in fact destined to be excluded, this definition implies that its population dynamics during the final relaxation to equilibrium (with R i ≈ R * i ) are described by
But µ A0 j is also related to the generation time, since this is the mortality rate that would exactly balance the birth rate under the given environmental conditions. This means that the doubling time for species j in the absence of mortality is T j = ln 2/µ A0 j . We thus conclude that the number of generations (measured by doubling time) required for the population of the excluded species to drop by half is:
which is the inverse of the relative "error " in the mortality rate µ A j .
In the simulations reported in Valdovinos et al. (2013 Valdovinos et al. ( , 2016 , δµ j /µ A0 j was set to 0.01%, so that competitive exclusion would take 10,000 generations to set in, which is far longer than an eco- Although studies of allometric scaling relationships (cf. Yodzis and Innes 1992) support the assumption of proportionality between mortality and mass-specific uptake, it is difficult to imagine a mechanism that would give this scaling a precision of less than ten percent. This means that realistic competitive exclusion times would be less than 10 generations, so other mechanisms are still required to allow CEP violation over the long term.
In the graphical analysis presented here, we will follow previous numerical simulations, and assume that using identical R * i values for all species captures the community structure on ecologically relevant time scales.
Conditions for coexistence among plant species
Unlike the population growth rate of pollinators that entirely depends on rewards abundances, the population growth rate of plants in the Valdovinos et al. model considers other factors (e.g., space or nutrient limitation) that are captured by a generic function of plant competition composed of intra-(or self-limitation) and inter-specific competition coefficients (w i and u l , respectively) that affect plant recruitment rate (γ i in Eq. A3) and are independent of the mutualistic interaction with pollinators. Therefore, determining conditions for potential coexistence among plant species is more straightforward than among pollinator species. The minimal requirement for plant population survival, in the ideal scenario of no plant mortality, is that the recruitment rate γ i must be positive. We can therefore draw a Hutchinsonian niche for each plant species i as the set of combinations of plant densities p k that give rise to a positive γ i . We represent the intersection of the niches for a pair of plant species in Fig. 4(b) , where the shape and extent of the region of allowed equilibrium states for the plant abundances depends on the relative importance of intra-vs. inter-specific competition.
If each plant has its own independent niche, and is not directly affected by other species, then all species can coexist at equilibrium anywhere in the box bounded by the surfaces (or lines in two dimensions) p i = 1/w i . In the limit where the mortality rate is small compared to the rate of seedling generation at low plant density, plant populations take on the maximum allowed value, and the equilibrium is always near the outer corner of the box p * i ≈ 1/w i for all i. As inter-specific competition increases, the far corner of the box is pulled towards the origin. In Appendix B, we show for the case of uniform coefficients (w i = w and u l = u for all i and l) that a necessary condition for stable plant coexistence is that intra-specific competition should be stronger than inter-specific competition (w > u), in accordance with modern coexistence theory (Chesson 2000) . Geometrically, this corresponds to the case where the shaded region in Fig. 4(b) remains convex.
To simplify our analysis, in the next subsections we will focus on the case of low inter-specific competition (i.e., u l w i ), which is also the regime where all the relevant numerical simulations were performed (Valdovinos et al. 2013 (Valdovinos et al. , 2016 (Valdovinos et al. , 2018 , so we can safely approximate p * i ≈ 1/w i under conditions of adequate pollination. Valdovinos et al. (2013 Valdovinos et al. ( , 2016 .
Effects of nestedness on network dynamics without adaptive foraging
Specialist species tend to go extinct or decline in abundance due to high niche overlap among pollinators for floral rewards (Fig. 1C ) and high niche overlap among plants for pollination services (Fig. 1D) . In nested networks, generalist pollinators visit generalist and specialist plants while specialists tend to visit only generalist plants and, therefore, specialist pollinators compete for the depleted rewards of generalist plants with generalist pollinators that have the advantage of getting resources (rewards of specialist plants) that are not shared with the specialist pollinators.
Likewise, specialist plants in nested networks tend to receive visits only by generalist pollinators that carry more diluted pollen (lower visit quality), while generalist plants also receive visits by specialist pollinators that carry their conspecific pollen (higher visit quality). In this subsection, we analytically prove these results using our graphical approach and demonstrate novel ones where plant 1 has slightly higher abundance than plant 2 (β 1 /w 1 > β 2 /w 2 ). (d) Corresponding
ZNGIs, impact vectors and supply point. Since plant 1 has higher abundance, the supply point lies slightly below the diagonal, within the coexistence cone. But since the impact vector of the generalist pollinator species points almost directly away from the supply point, this species almost maintains resource equilibrium on its own, and the population of specialist species required to cancel the remaining component of the rewards supply is small. that were not found by previous work. In the following subsection, we analyze how these results are modified when adaptive foraging is included in the model.
We first analyze the pollinator side. Although the above mentioned results were obtained using numerical simulations with tens to hundreds of species, these qualitative results can be extracted from smaller systems for ease of visualization and interpretation of our graphical approach. In this entire work, we use a small nested network of three pollinator and two plant species illustrated in Fig. 5 . The relationship between mortality and consumption rates presented in the first subsection of our results guarantees that all three ZNGIs pass through the same point (R * 1 , R * 2 ) in the space of floral rewards, defined by the minimum viable reward levels for specialist animals. The supply point (β 1 p 1 , β 2 p 2 ) depends on the plant population sizes p 1 and p 2 , which unveils the nature of mutualistic interactions within the niche theory framework.
We first consider the case where both plants are highly productive, with low mortality, so that p i ≈ 1/w i as discussed in the previous section.
As noted above, previous simulation work focused on the effect of network structure on community dynamics, holding all other variables nearly fixed. Specifically, all model parameters other than the network structure (i.e., who interacts with whom) were obtained by adding small species-dependent random numbers to fixed species-independent values. For example, the plant self-limitation terms w i were given by w i = w + δw i , where the δw i were sampled from a uniform probability distribution over a small interval (compared to w) with mean zero. An immediate consequence of this sampling protocol is that the generalist impact vector points nearly along the diagonal away from the origin, and the supply point (β 1 /w 1 , β 2 /w 2 ) lies close to this same diagonal, as shown in Fig. 5 .
With this setup we analyze the two possible results of this model found by previous numerical simulations, one corresponding to the generalist pollinators outcompeting the specialists and the second corresponding to the coexistence among pollinators where specialist species have much lower abundance than the generalists. The first result is illustrated in Fig. 5(a)-(b) , where the random contribution to w i and β i places the supply point just outside the coexistence cone, with the specialist plant (species 2) providing a slightly higher reward supply than the generalist (species 1). In this case, the specialist plant species has higher rewards abundance at equilibrium than the generalist, and the specialist pollinator species go extinct due to starvation.
The second result is illustrated in Fig. 5(c)-(d) , where the supply point lies just inside the coexistence cone. All three pollinator species survive, but with the population size of the specialist species much lower than that of the generalist. Because the random contribution to the parameters is small, the impact vector of the generalist pollinator points almost directly away from the supply point, and so it is nearly capable of maintaining the rewards equilibrium on its own. Only a small contribution from the specialists is required to balance out the remaining component of the rewards supply. The equilibrium rewards abundance lies at the coexistence point (R * 1 , R * 2 ),
where the available rewards from both plants have equal value.
Analyzing the dynamics of plant species using our graphical approach reveals the key difference between the rewards space of mutualistic dynamics and an ordinary consumer-resource model, that is, that the supply point is maintained by the activity of the mutualistic partners (pollinators). This is most clearly visible in cases where pollinators fail to sufficiently supply the reproductive services of a plant species, and the plant species goes extinct. In nested networks, as illustrated in Fig. 6(a) , specialist plants are the most susceptible to extinction because they are typically pollinated only by generalist pollinators, which carry more diluted con-specific pollen (given that they visit different plant species, see Model description). We found a critical value of visit quality below which a plant species goes extinct, which was not found by previous simulation work. This novel result shows that, as long as the supply point remains in the coexistence cone, the quantity of visits V ij of a pollinator species j to a pure specialist plant species i (visited only by pollinator j) can be written as a simple function of the plant abundance p i alone. This allows us to obtain a simple formula for the plant population p i as a function of the visit quality σ ij , derived in Appendix C and illustrated in Fig. 6(c) .
Here, we further describe our novel result. In the regime where consumption by pollinators is the primary source of rewards depletion (rather than loss due to other causes encoded in the The example in Fig. 5 only has two plant species (for clarity of illustration), but the plants' extinction risk becomes greater for larger number of plant species, particularly in overly connected networks (Valdovinos et al. 2016) . In the simplest case where all plant species receive visits with the same efficiency τ ij and the plant abundances are at their (nearly identical) carrying capacities p i ≈ 1/w, the visit quality of a generalist pollinator species j (without adaptive foraging) is simply the inverse of the number of plant species P j that it visits. A specialist plant species visited by pollinator species j alone can survive in these conditions only when P j < 1/σ c . In practice, specialist plant species require even lower levels of connectivity in their pollinator species (i.e., more specialized pollinators) if they are to avoid extinction, because rapid expansion of generalist plant populations during the transient dynamics dilutes the pollen of specialist plants even more than at equilibrium. In other words, the quality σ ij is smaller than 1/P j during the initial transient in a typical simulation.
Effects of adaptive foraging
As described above, the effect of the adaptive foraging dynamics contained in Eq. (4) Regarding the second result presented in Fig. 5 , the equilibrium point is already at (R * 1 , R * 2 ) even without adaptive foraging. This means that adaptation only takes place during the transient larger angles corresponding to lower quality (see Fig. 3 ). (c) The rotation of the impact vector expands the coexistence cone, which now contains the supply point, so that all three species coexist in the new equilibrium. This also reduces the angle between the impact vector and the axis representing rewards from plant species 2, increasing the quality of visits by the generalist pollinators to these plants.
relaxation to equilibrium. In previous numerical simulations where all pollinator species are initialized with the same population size, however, adaptation still qualitatively tends in the same direction as in the first example (Fig. 7) . This is because rewards of generalist plants are initially depleted to lower levels due to the higher total abundance of consumers from various pollinator species, causing the pollinators to shift their foraging efforts towards the specialist plant species.
The main effect of adaptive foraging on the dynamics of plant species is the modification of the visit quality σ ij . In Fig. 3 , we pointed out that σ ij is related to the angle that the impact vector of species j makes with the rewards axis for plant species i. When the impact vector is parallel to the axis, the visit quality is perfect (σ ij = 1), and the quality drops to zero as the impact vector becomes perpendicular to the axis. If the average quality of visits to a given plant is too low, the plant species no longer produces sufficient offspring to balance mortality. The species goes extinct, and the supply point for the rewards moves to zero along the corresponding rewards axis. For specialist plants, there is a simple expression for the minimum quality level σ c required to avoid extinction, as discussed above and derived in Appendix C.
As noted above, adaptive foraging causes pollinator species to focus their foraging efforts on more specialist plant species. This entails an increase in the angle between the impact vector and the rewards axes of more generalist plant species, as illustrated in Fig. 8 . The visit quality therefore decreases, and if it becomes too low, the generalist plant species will go extinct. This extinction process can happen whenever there is a generalist plant species that is not visited by any pure specialist pollinators, which explains the result found by extensive numerical simulations of adaptive foraging causing the extinction of generalist plant species in overly-connected networks (i.e., with many more interactions than the ones found in empirical networks, Valdovinos et al. 2016 ). with the orange native species. Since plant species 2 contains more rewards than species 1 at the coexistence point, adaptive foraging drives the native species to become a pure specialist on plant 2. As side effects, plant species 2 receives more effective pollination services and the native pollinator species reduces its population size. Plant extinctions do not occur under these conditions.
Impact of pollinator invasions on native species
Finally, we consider the consequences of invasions by new pollinator species from a different regional species pool. For our purposes, the essential characteristic of an invasive species is that its consumption and mortality rates do not follow the strict relationship imposed on the species within the focal species pool, and so its ZNGI does not necessarily pass through R * i .
If all the native species stably coexist, as in the first scenario of Fig. 5 or the adaptive foraging scenario of Fig. 7 , the invader will establish whenever the native coexistence point R * i falls on the positive growth rate side of the invader's ZNGI. In the case of the numerical simulations by Valdovinos et al. (2018) , this corresponded to the efficient alien species (i.e., with double the foraging efficiency τ i of the native pollinator species). The new ZNGI alters the set of potential coexistence points, as illustrated in Fig. 9 . In the case where native pollinator species share all their food sources (i.e., rewards) with the efficient invader, our two-plant three-pollinator native network allows two possible outcomes: either the invader coexists with the generalist, or it coexists with the specialists (Fig. 9(b) ). But there is now a gap between the two coexistence cones. If the supply point falls in this gap, then only the invader survives, and all the native species go extinct. In the regime we have been considering here (i.e., all plant species have similar properties), the supply point will in fact typically fall into this gap and the only way for a native pollinator species to survive is to forage on plant species that the invader does not visit at all. Fig. 9(c-d) illustrates this case, with the invader now incapable of visiting plant 2. As a result, the invader now generically coexists with the generalist, and plant 2 has more usable rewards at the new coexistence point than plant species 1. This means that the native generalist will shift more and more of its foraging effort towards plant 2, until it becomes a pure specialist on that plant. Pollinator invasions do not cause plant extinctions, at least under the conditions studied here and in Valdovinos et al. (2018) .
Discussion
Mutualistic systems sustain the productivity and biodiversity of most ecosystems in the planet (Thompson 1994; Peay 2016; Potts et al. 2016) . Therefore, understanding the mechanisms by which their hundreds of species coexist is of major relevance for answering fundamental questions in ecology and also informing conservation efforts. Here, we advance understanding of species coexistence in mutualistic systems by expanding Contemporary Niche Theory to analyze the dynamics of plant-pollinator networks. In a nutshell, we found that all pollinator species observed in those networks are able to coexist if they require the same amount of rewards to balance out their reproduction and mortality rates, and that amount is provided by their mutualistic plants. In addition, we found that plant species can coexist as long as their intra-specific competition for resources other than pollination services is stronger than their competition with other plant species, and the quality of pollinator visits they receive is above a critical value whose exact expression for specialist plants we provided in Appendix C. Moreover, we showed that successfully accessing the floral rewards required by pollinators and the visit quality required by plants strongly depended on the network structure and adaptive foraging. Finally, we demonstrated that invasions by efficient pollinator species alter species coexistence causing the extinction of native pollinators or reducing their abundance.
Previous studies on species coexistence in plant-pollinator systems mainly consisted of work developing conceptual (e.g., Palmer et al. 2003; Mitchell et al. 2009 ) and mathematical (e.g., Levin and Anderson 1970; Johnson and Bronstein 2019) , frameworks for analyzing conditions at which species can coexist, and reviews of empirical cases showing competition among plant species for pollination services (e.g., Mitchell et al. 2003, Morales and Traveset 2009 ) and among pollinator species for floral rewards (e.g., Palmer et al. 2003) . The Contemporary Niche Theory allows a synthesis of all this information in one framework (see Methods) and makes quantitative predictions about community dynamics including species coexistence. Recently, Peay (2016) expanded this theory for mycorrhizal mutualisms, which allowed him to analyze the requirements for sur-vival (requirement niche) and the impact on the environment (impact niche) of the interacting species, and to evaluate species coexistence. Our work further expands Contemporary Niche Theory of mutualistic interactions by incorporating plant-pollinator systems. We advance this theory by analyzing short-and long-term dynamics of plant-pollinator interactions, depicting the requirement and impact niches of pollinators, and demonstrating the effect of adaptive foraging and network structure on the pollinators' niches. In the following paragraphs, we explain each of these advances and contextualize them with previous literature.
Explicit consideration of two timescales: The Rewards and Plant Spaces
Explicit consideration of timescales has been recently highlighted as paramount for analyzing ecological systems, especially when evaluating management strategies (Callicott 2002; Hastings 2016) where the timeframe of action determines the ecological outcome. This is particularly the case of plant-pollinator systems whose dynamics can be distinctively divided into at least two timescales, the short-term dynamics occurring within a flowering season and the long-term dynamics occurring across flowering seasons (i.e., over years). We developed our graphical approach for these short-and long-term dynamics by representing the pollinators' niches in the As mentioned above, the other work we know that expands Contemporary Niche Theory to mutualisms was developed by Peay (2016) . Peay explicitly models how mycorrhizal mutualism affects plant and fungal community dynamics in a more classic consumer-resource space, where the niche axes are the resources used by plant species. That is, that work shows how the ZNGIs of plants change when the mycorrhizal mutualism is added, but the axes are still resources in the soil, not mutualists. In our work, by contrast, the axes are the abundances of the mutualistic partners themselves (plants) or the rewards produced by them (floral rewards).
Depicting the pollinators' requirement and impact niches
The requirement niche encapsulates an organism's requirements for survival (Leibold 1995) .
Here, we study the case in which pollinators only require floral rewards to survive. Thus, their requirement niches are depicted by the zero-net-growth isoclines (ZNGIs) that separate the region of rewards (or plant) abundances where the pollinators' growth rates are positive from the states where they are negative. Mathematically analyzing the requirement niche of species sharing resources has been long used to study species coexistence (MacArthur 1970; Tilman 1982; Leibold 1995; Chase and Leibold 2003) . Only recently, however, these types of analyses have been applied to plant-pollinator systems. In particular, Johnson and Bronstein (2019) applied the R* Theory (Tilman 1982) to two pollinator species competing for the rewards provided by a shared plant species, and then to the same system but adding an abiotic resource (case not studied here).
Our results on the pollinators' requirement niche in rewards space without adaptive foraging are similar to the results obtained by Johnson and Bronstein (2019) in two ways. First, both studies find that two pollinator species can coexist when competing for floral rewards of one plant species only if they need the same amount of rewards for balancing out their mortality and reproduction rates. Second, both studies demonstrate that the competition outcome (pollinator coexistence, or extinction of one or both species) affects the plant population providing the rewards. Our analysis in plant space, however, further advances in this result by directly illustrating the positive impact of pollinator species on their mutualistic plants (see below). Moreover, by explicitly considering short-and long-term dynamics, our graphical approach clarifies one main difference between competition for resources within classic consumer-resource models and mutualistic interactions. In the classic case, consumers only negatively affect each other through depleting the shared resource, while in the mutualistic case consumers potentially benefit each other through benefiting their shared mutualistic partner. Another difference between our work and the work by Johnson and Bronstein (2019) is that we extend our approach to mutualistic networks of any given number of plant and pollinator species, where the structure of interactions strongly affects the community dynamics (see below). On the down side, the model studied here -and therefore our approach -does not explicitly include other resource or abiotic limitations that pollinators or plants might require to survive (e.g., nesting sites, water), which should be addressed in future work.
The impact niche of an organism represents the magnitude and direction of change that the organism induces on its environment (Leibold 1995) . In the case of pollinators studied here, their impact niche corresponds to the change they induce on rewards and plant abundances. In plant space, the mutualism is directly visible in the impacts, which represent the number of successful pollination events caused by each pollinator, and the impact vectors point in the direction of larger plant population sizes. In rewards space, the impact of a pollinator species is simply the rate at which it depletes the floral rewards, just as in a classic model of resource competition.
An important difference to the classical case, however, is the representation of the visit quality of a particular pollinator species to a particular plant species in terms of the angle between the impact vector of the pollinator species and the rewards axis corresponding to the plant species.
Building off this novel representation of visit quality, we were able to advance another subject that has captured the attention of ecologists for over a century, that is, plant competition for pollination (reviewed in Mitchell et al. 2009 ). This large body of research has shown that plant species sharing the same pollinator species potentially compete not only for the pollinators' quantity of visits but also for their quality of visits. Our approach provides means for quantitatively analyzing these two aspects of plant competition for pollination and, therefore, moves beyond the previous empirical and conceptual approaches.
Demonstrating the effects of network structure and adaptive foraging on
pollinators' niches
The network structure of plant-pollinator interactions determines which floral rewards are shared between any two given pollinator species and which pollinator species are shared between any two given plant species. Therefore, such network structure determines community dynamics and species coexistence. Here, we showed how our graphical approach accommodates the widely observed nested structure of plant-pollinator networks. More specifically, we were able to analyze the dynamics that occur in systems where generalist and specialist pollinators share the floral rewards of generalist plants, while specialist plants are visited only by generalist pollinators.
Using our approach, we were able to verify results found by previous simulations (Valdovinos et al. 2013 (Valdovinos et al. , 2016 . That is, nestedness increases the niche overlap among pollinator species for floral rewards and among plant species for pollinators' visits, causing specialist species to go extinct. Regarding adaptive foraging, we found that this adaptive behavior causes the ZNGI's and impact vectors of pollinator species to rotate in the direction of the most abundant rewards, allowing for pollinator coexistence in nested networks through niche partitioning. Although these results were previously found by numerical simulations (Valdovinos et al. 2013 (Valdovinos et al. , 2016 , to our knowledge, this is the first time that the effects of network structure and adaptive foraging are incorporated in the Contemporary Niche Theory of mutualistic systems.
Conclusion
Our graphical approach advances Contemporary Niche Theory by incorporating network structure, adaptive foraging, quality of visits, and pollinator invasions. We identified a main difference between the purely competitive and the mutualistic niche, that is, the supply point for one guild (in our case plants or pollinators) is maintained by the activity of their mutualistic partners. We hope this research will promote development of ecological theory on mutualisms which is crucial for answering fundamental questions in ecology and also informing conservation efforts. Gray arrows indicate the direction of rotation of the ZNGI and coexistence cone boundary under adaptive foraging.
Appendix A: Saturating functional responses
In the version of the model presented in the main text, which was employed in all the simulations, the pollinator growth rates are linear functions of reward abundances. In reality, both the quantity of rewards extracted per visit f ij and the visit frequency V ij are likely to saturate at high rewards levels. All the qualitative results obtained in the main text apply to these more realistic models as well, with a slight modification of the assumptions about parameter correlations. In this Appendix, we provide mathematical expressions for these two types of saturation, along with the assumptions required to ensure that all ZNGIs intersect as in Fig. 4(a) .
The original publication presenting the model (Valdovinos et al. 2013 ) contained a discussion of saturating rewards extraction, with each pollinator capable of obtaining a finite quantity b max ij of rewards per visit, following Holling's Type II growth kinetics (Holling 1959) :
Setting da j /dt = 0 in Eq. 3, we can obtain the equation for the ZNGIs and find that they all intersect at a point R * i when
with saturation constants κ i independent of j. As long as the maximum mass-specific rewards uptake rate c ij τ ij b max ij is proportional to the mortality rate µ A j for all pollinator species j visiting a given plant species i, one can always find a set of reward abundances R * i that satisfy this equation.
In addition to the finite capacity of a pollinator to extract rewards on each visit, it is reasonable to assume that there is a maximum number of visits that an animal can make per unit time.
Using the same Type II kinetics, we obtain the following expression for the total visitation rate of pollinator species j on plant species i:
Here h kj is the handling time for pollinator species j foraging on plant species k, and ω jk quantifies the magnitude of direct interference between pollinators. Direct interference significantly complicates the geometric interpretation, so we will set ω jk = 0 here. As noted in the main text, however, nonzero ω jj provides a simple mechanism for CEP violation, and is of interest for future study. If the saturation of visit frequency is the only relevant nonlinearity, and the rewards uptake per visit is still linear in R i , then the ZNGIs remain linear. When both kinds of saturation are present, the intersection point R * i is defined by:
Simultaneously satisfying this equation for an arbitrary number of pollinator species j requires the additional assumptions that the handling time h kj is inversely proportional to the visitation efficiency τ kj for all pollinator species j visiting a given plant species k, and that all the plant population densities (for non-extinct plants) are the same. Both of these are trivially satisfied under conditions similar to the simulations discussed in the main text, where the only differences between species come from the topology of the interaction network, and all other parameters are species-independent. Fig. A1 shows that the ZNGIs are no longer linear under saturating rewards extraction, but that the graphical arguments from the main text still hold. The key point is that when all parameters are species-independent (except for interaction network topology) the initial impact vectors are required by symmetry to be perpendicular to the ZNGIs, and adaptive foraging tends to rotate them away from the rewards axes corresponding to generalist plants, just as in the linear model. Since these are the two essential features necessary for recovering the simulation results, we expect that the same phenomena will be observed even in the presence of saturation.
Appendix B: Equilibrium of plant dynamics
In this appendix, we discuss the equilibrium state of the plant dynamics, in support of Fig. 4(b) .
First, we consider the case of zero plant mortality (µ P i = 0 for all i). From Eq.
(1), we see that the equilibrium condition dp i /dt = 0 reduces to γ i = 0, that is:
This is a set of P linear equations in P unknowns, which generically has a single solution. We focus on the case of uniform parameters where u i = u and w i = w for all i. Then the solution is simply
for all plant species i. In two dimensions, we can visualize this solution as the point of intersection between the two lines 0 = 1 − up 2 − wp 1 and 0 = 1 − up 1 − wp 2 , as shown in Fig. 4 .
We now turn to nonzero mortality. It will be convenient to define the relative mortalitỹ
which is the ratio of the mortality rate to the production rate of new seedlings at low plant density (γ i = g i ). In terms of this quantity, the equilibrium condition becomes
The solutions to this equation for different values ofμ P i sweep out the entire space defined by
This region is illustrated for the two-dimensional example in Fig. 4(b) , for a range of relative values of u and w. Equation (A8) also indicates that the zero-mortality solution with γ i = g i (1 − ∑ l =i∈P u l p l − w i p i ) = 0 should be a good approximation wheneverμ P i 1.
Finally, we can determine the stability of the fixed points by computing the eigenvalues of the Jacobian matrix
evaluated at the equilibrium point p * i . To simplify the calculation, we assume a separation of timescales, as discussed in the main text, where the plant populations change slowly over many flowering seasons, while the rewards and animal populations relax quickly to a conditional equilibrium a * j (p k ), given the current values of the plant abundances. We also assume that w i = w for all i and u l = u for all l. Evaluating the derivatives, we find:
The final term in parentheses is equal to d log p i /dt for p i > 0, and so it must vanish whenever all the plants coexist. To determine the sign of the eigenvalues for the remaining portion, it is convenient to define the diagonal matrix D with components
and a matrix A with components
We can now write the Jacobian J in matrix notation as
where I is the identity matrix and U is a matrix with elements U ij = u.
In the low mortality limitμ P i → 0, where the coexistence point lies at the far corner of the space of allowed plant populations, we have γ i → 0 (as indicated above), and so A → 0. In this case, the eigenvalues of [(w − u)I + U] can be evaluated exactly, with one eigenvalue equal to λ + = w + (P − 1)u (A15) and the rest equal to
Standard results on D-stability can be used to show that multiplying [(w − u)I + U] by a positive diagonal matrix D leaves the stability of the matrix unchanged, with the result that the eigenvalues of J are all negative if and only if λ − > 0 (Hogben 2013). Thus we recover the classic result of modern coexistence theory: stable coexistence requires that intra-specific competition (w) is stronger than inter-specific competition (u) (Chesson 2000) .
To determine the impact of nonzero A, we focus on the case where all pollinators are pure specialists, with identical parameters. Then A is proportional to the identity matrix:
where p * i = p * and a * j = a * for all i and j, since all the parameters are the same. Since the pollinators feed on the rewards produced by the plants, ∂a * /∂p is always positive. The smallest eigenvalue of [(w − u)I + U − A] becomes
where the effective intra-specific competition coefficientw is
which is always less than w. This means that the low-mortality criterion w > u remains a necessary condition for coexistence. We conjecture that this remains true for arbitrary pollinator parameters and connectivity, because it there is no obvious reason why competition between different species of pollinators should selectively provide additional intra-specific feedback for the plants.
is the fraction of floral rewards that are lost to dilution when the plant population is at its carrying capacity 1/w i , and
is the number of seedlings produced per plant lifetime under optimal conditions, where there are no other plant species nearby to contaminate the pollen, and the field is kept clear of all competing plants. (g i e ij is the number of individual seedlings produced per pollinator visit,
(1 − d i )β i /(µ P i w i ) is the harvested rewards mass per unit area over the plant's lifetime, and b ij R * i is the rewards mass density harvested per visit).
